Reply to "Comment on `Quantum versus classical instability of scalar
  fields in curved backgrounds'" by Matsas, George E. A. et al.
ar
X
iv
:1
31
0.
78
49
v1
  [
gr
-q
c] 
 29
 O
ct 
20
13
Reply to “Comment on ‘Quantum versus classical instability of scalar fields in curved
backgrounds’”
George E. A. Matsas,1 Raissa F. P. Mendes,1 and Daniel A. T. Vanzella2
1Instituto de F´ısica Teo´rica, Unesp, R. Dr. Bento Teobaldo Ferraz 271, 01140-070, Sa˜o Paulo, SP, Brazil
2Instituto de F´ısica de Sa˜o Carlos, USP, C. P. 369, 13560-970, Sa˜o Carlos, SP, Brazil
(Dated: April 7, 2019)
We show that the reasoning which led the author of Ref. [1] (arXiv:1310.6252) to
reach his conclusions relies on an incorrect criterion for the existence of normalizable
bound solutions. We reinforce that the general result derived in the Appendix of our paper [2]
(arXiv:1310.2185), namely, that “there are no tachyonic (i.e., unstable) modes for minimally
coupled scalar fields in asymptotically flat spherically symmetric static spacetimes con-
taining no horizons” is indeed correct.
PACS numbers: 04.62.+v
Let us begin pointing out the mistake which led the
author of Ref. [1] to reach the incorrect conclusion that
there could exist tachyonic (i.e., unstable) modes for min-
imally coupled scalar fields in asymptotically flat spheri-
cally symmetric static spacetimes containing no horizons.
The whole point concerns whether or not the following
equation
− ψ′′ + Veff ψ = −Ω
2ψ, Veff ≡ r
′′/r, (1)
satisfying
(i) r′(x) > 0, x ∈ [0,+∞), and (ii) lim
x→+∞
r′(x) = 1,
(where “ ′ ” ≡ d/dx) admits normalizable bound solutions
for some real number Ω. According to the author of
Ref. [1] there should exist some (deep enough) Veff satis-
fying the conditions above which would admit normaliz-
able bound solutions. In order to “prove” this, he writes
down a particular spherically symmetric Veff and states
that it would admit such solutions simply based on the
fact that Veff satisfies
∫ x2
x1
dx
√
−Veff ≥ π/2, (2)
where x1 and x2 are the “classical” turning points. It
happens, however, that inequality (2) is not a
sufficient condition for the existence of normal-
izable bound solutions. This can be attested even by
using well-known spherically symmetric potentials as the
Yukawa one: −V0ae
−x/a/x (with V0, a > 0). This poten-
tial does satisfy inequality (2) for π/8 ≤ V0a2 ≤ 1.6798
but has no bound solution for parameters in this range
(see, e.g., Refs. [3, 4]). In fact, beyond the author’s
claim based on the na¨ıve use of Eq. (2), he does
not exhibit any bound solution for the potential
he writes down. Indeed, it would be impossible.
A precise proof that Eq. (1) does not admit normal-
izable bound solutions was shown in the Appendix of
Ref. [2]. Notwithstanding, in order to dismiss any re-
maining doubts, we offer in the appendix below an even
more detailed step-by-step proof. As a consistency check,
we recall that the quantum and classical instability re-
gions exhibited in Refs. [5] and [6] for spherical stars co-
incide with each other and are in precise agreement with
the nonexistence of tachyonic modes for minimally cou-
pled scalar fields. It is also worthwhile to mention that
contrary to the claims of Ref. [1], the fact that there is no
tachyonic instability for minimally coupled scalar fields
in asymptotically flat spherically symmetric static space-
times containing no horizons does not imply anything to
the Jeans instability, since in the latter case the effective
potential is less constrained than in the former one.
Appendix
We start by recalling the explicitly-derived result of the
Appendix of Ref. [2] that the solution of the equation
−ψ′′0 (x) + V (x)ψ0(x) = 0
satisfying ψ0(0) = 0 and ψ′0(0) > 0 is monotonically in-
creasing for x ≥ 0 [where V (x) is given in Eq. (A2) of
the Appendix of Ref. [2] and can be cast as V (x) =
r′′(x)/r(x) – hence, r(x) itself plays the role of the de-
sired solution, ψ0(x) = Cr(x), C > 0 a constant]. Now,
we prove the following theorem:
● Theorem: If the solution [7] of the equation
−ψ′′0 (x) + V (x)ψ0(x) = 0 (A.1)
satisfying ψ0(0) = 0 and ψ′0(0) ≥ 0 is monotonically
increasing for x > 0, then the equation
−ψ′′Ω(x)+V (x)ψΩ(x) = −Ω2ψΩ(x), Ω ∈ R∗, (A.2)
has no non-vanishing solution satisfying both
ψΩ(0) = 0 and limx→∞ψΩ(x) = 0 [i.e., the poten-
tial V admits no normalizable “bound” solutions;
recall that the condition ψΩ(0) = 0 comes from the
fact that the radial part of the field is ψΩ(x)/r(x)
and r(x→ 0)→ 0].
Proof: Let us prove this result by reductio ad absurdum,
by assuming there is a non-vanishing solution of the lat-
ter equation with the desired properties. Then, multiply
Eq. (A.1) by ψΩ(x) and Eq. (A.2) by ψ0(x). Taking the
difference of the resulting equations we have:
−ψ′′0 (x)ψΩ(x) +ψ′′Ω(x)ψ0(x) = Ω2ψΩ(x)ψ0(x)
⇔
d
dx
[ψ′Ω(x)ψ0(x) −ψ′0(x)ψΩ(x)] = Ω2ψΩ(x)ψ0(x)
⇔ ψ′Ω(x)ψ0(x) −ψ′0(x)ψΩ(x) = Ω2∫ x
0
dy ψΩ(y)ψ0(y),
(A.3)
where we have already used ψ0(0) = ψΩ(0) = 0. The as-
sumption that limx→∞ψΩ(x) = 0, together with ψΩ(0) =
0, leads to
0 = lim
x→∞
ψΩ(x) − ψΩ(0) = ∫ ∞
0
dxψ′Ω(x),
which ensures that either ψ′
Ω
is null (which would lead
to the trivial ψΩ ≡ 0 solution) or it changes sign. Let
x∗ be the minimum value of x at which ψ′
Ω
changes
sign. Note that ψΩ(x∗) ≠ 0 (otherwise, by the same
argument above there would exist x∗∗ < x∗ where ψ′
Ω
would change sign, violating the condition that x∗ is the
minimum of such values). Therefore, due to the linear-
ity of Eq. (A.2), we can, without any loss of generality,
scale ψΩ so that ψΩ(x∗) = ψ0(x∗) (> 0). Moreover, even
though ψ′0 and ψ
′
Ω
may be only piecewise continuous,
Eq. (A.3) shows that the combination in its left-hand
side equals (almost everywhere) a continuous function.
All these facts together with Eq. (A.3) imply [using the
notation ψ′(x∗±) ∶= limǫ→0ψ′(x∗ ± ǫ) with ǫ > 0]:
ψ′Ω(x∗+) −ψ′0(x∗+) = ψ′Ω(x∗−) −ψ′0(x∗−)
=
Ω2
ψ0(x∗) ∫
x
∗
0
dy ψΩ(y)ψ0(y) > 0, (A.4)
where the inequality follows from the fact that the sign
of ψΩ is constant in the interval (0, x∗] (for if this were
not true then, again, there would exist x∗∗ < x∗ where
ψ′
Ω
changes sign).
Recalling that ψ0 is a monotonically increasing func-
tion, inequality (A.4) shows that ψ′
Ω
(x∗+) > ψ′0(x∗+) > 0
and ψ′
Ω
(x∗−) > ψ′0(x∗−) > 0, contradicting the fact that ψ′Ω
changes sign at x = x∗. This concludes our proof. ◻
Note that the theorem makes no direct assumption
on the potential V ; we only assume the existence of
ψ0 satisfying the hypotheses of the theorem. However,
if additional properties are required for V then we can
strengthen the result:
● Corollary: If V is such that limx→∞ V (x) = 0 and
the solution of the equation
−ψ′′0 (x) + V (x)ψ0(x) = 0
satisfying ψ0(0) = 0 and ψ′0(0) ≥ 0 is monotonically
increasing for x > 0, then the equation
−ψ′′Ω(x) + V (x)ψΩ(x) = −Ω2ψΩ(x), Ω ∈ R∗,
has no non-vanishing solution satisfying both
ψΩ(0) = 0 and limx→∞ ∣ψΩ(x)∣ < ∞.
Proof: This follows directly from the fact that the
asymptotic behavior of the solution ψΩ(x) for large x
is given by e±Ωx in conjunction with the theorem above
which shows that the behavior e−∣Ω∣x is not acceptable. ◻
Note that these results hold true also if Ω2 is substi-
tuted by any strictly positive function. Moreover, the
corollary above also holds for V satisfying limx→∞ V (x) =
m2 ≥ 0.
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